We review old and recent results on a special limit of string theory on AdS 3 × M 7 with pure NS-NS fluxes: the limit in which the string length s = √ α equals the AdS 3 radius R. At this point of the moduli space, the theory exhibits special properties, which we discuss. Special attention is focused on features of correlation functions that are related to the non-compactness of the boundary CFT target space, and on how these features change when the point k ≡ R 2 /α = 1 is approached. Also, we briefly review recent proposals for exact realizations of AdS/CFT correspondence at this special point. This is the transcript of the talk delivered by the author at the 8 th edition of the Quantum Gravity in the Southern Cone conference, held in Patagonia, December 16 th -20 th , 2019.
Introduction
Superstring theory on AdS 3 × M 7 with pure NS-NS fluxes provides an excellent arena to investigate AdS/CFT correspondence in the stringy regime. On the one hand, the access to the worldsheet formulation makes it possible to compute 3-point scattering amplitudes explicitly and obtain expressions for finite R 2 /α . On the other hand, the existence of non-renormalization theorems [1] enables to compare such observables in the bulk with those in the boundary, showing a perfect agreement between protected correlation functions [2, 3, 4, 5, 6] . Such nonrenormalization theorems are crucial ingredients in the checks of AdS 3 /CFT 2 correspondence, as the bulk and the boundary computations are usually performed at different points of the moduli space: While the worldsheet computation of 3-point functions of chiral states is done for the theory with pure NS-NS fluxes, the boundary correlators are computed at the so-called orbifold point. Still, the fusion rules and the structure constants of the N = 2 chiral ring in the bulk can be shown to exactly matches those in the symmetric product CFT 2 in the large N limit.
Superstring theory admits supersymmetric backgrounds of the form AdS 3 ×S 3 ×M 4 , with M 4 being T 4 , K 3 , or S 3 × S 1 . These backgrounds can be supported by either NS-NS or R-R fluxes.
In the cases M 4 = T 4 and M 4 = K 3 , the dual theory can be constructed in terms of a symmetric product on M 4 , and this has been understood long time ago. In the case M 4 = S 3 × S 1 , in contrast, the construction of the dual theory has shown to be more elusive.
Very recently, the interest in superstrings on AdS 3 × S 3 × M 4 has been renewed [7] , and very interesting new results have been obtained [8, 9, 10, 11, 12, 13, 14, 15, 16, 17] , especially in the context of AdS 3 /CFT 2 . Much of the attention in the recent studies is focused on the special limit in which the string length √ α equals R, the radius of AdS 3 space. This can be thought of as a sort of "loose string limit", in which the theory exhibits special properties such as symmetry enhancement, gapless continuous spectrum, new high energy phases, and others. Among the most salient properties that the theory seems to have at k ≡ R 2 /α = 1, we find that it admits a remarkably simple CFT 2 holographic dual. A series of recent papers investigates AdS 3 /CFT 2 correspondence at the stringy point k = 1, including not only the case M 4 = T 4 but also the case M 4 = S 3 × S 1 . Here, our aim is to review the special properties that the theory exhibits at that point and summarize the recent investigations on its holographic description.
In section 2, we will review string theory on AdS 3 from the worldsheet perspective. We will review the spectrum in terms of unitary representations of SL(2, R) k , as constructed by
Maldacena and Ooguri in references [18, 19] . In section 3, we will mention the special values of k for which the theory exhibits special features. In sections 4, 5, and 6, we will focus our attention to the special value k = 3 and study the properties that the bosonic theory presents at that point. In section 7, we turn our attention to the superstring theory at k = 1, which is the supersymmetric analog of the bosonic k = 3. We review recent attempts to construct a CFT 2 dual for the superstring theory on AdS 3 × S 3 × M 4 , NS-NS backgrounds in the stringy regime.
String theory on AdS 3
Let us first consider the bosonic theory on AdS 3 × M . The string σ-model on AdS 3 with NS-NS fluxes is defined by the Polyakov action
where we are using standard self-explanatory notation. It turns out that this action coincides with that of the WZW model for the non-compact group SL(2, R); namely
where Γ WZ stands for the Wess-Zumino term. The WZW level is given by k = R 2 /α , so that the semiclassical limit corresponds to k → ∞. Here we will be concerned with the opposite limit, namely k ∼ O(1).
The acion of the SL(2, R) k WZW model can be represented as follows
where the scalar field φ parameterizes the radial direction in AdS 3 . Fields γ,γ are coordinates in the boundary of AdS 3 , which is located at φ = ∞. Action (3) already includes quantum (finite-k) corrections, which take the form of a linear dilaton term that provides the field φ with a background charge 1/ √ k − 2 that does not appear explicitly in the conformal gauge we have chosen to use here. λ is then related to the string coupling, as it can be changed by shifting the linear dilaton. Quantum corrections also explain the exponent in the last term of (3), which follows from a rescaling of φ that is required to canonically normalize the quantum corrected kinetic term. Fields β,β are auxiliary fields and, as such, can be integrated out and replaced back in the action. However, their presence makes the theory more tractable, as it appears as a perturbation of the free theory λ = 0, the latter consisting of a β-γ ghost system coupled to φ.
Representation (3) will be particularly useful later.
The SL(2, R) k WZW model exhibitsŝl(2) k ⊕ŝl(2) k affine Kac-Moody symmetry. Thus, the stress tensor of the theory follows from the Sugawara construction. This yields the Virasoro central charge
where c M is the contribution to the central charge coming from the internal manifold M . [18] . In terms of these variables, the worldsheet conformal dimensions (∆,∆) take the
where the Virasoro constraints have already been imposed.
The physical interpretation of the indices h, m,m, ω, N,N is the following: h is associated to the radial momentum of strings; ω ∈ Z is the winding number; E ≡ m +m + kω ∈ R is the energy in AdS 3 ; J ≡ m−m ∈ Z is the angular momentum; N ,N ∈ Z ≥0 are the string excitation numbers; ∆ M ,∆ M are the contributions to the worldsheet conformal dimension coming from M ; see [18] for details.
The unitary representations of SL(2, R) k that describe string states in AdS 3 have been identified in [18] . These belong to the discrete lowest-and highest-weight series, and to the principal continuous series. In the case of the discrete series, the value of h has to be additionally restricted: No ghost theorem demands h to belong to the segment 0 < h < k/2, while normalizability demands, additionally, 1/2 ≤ h < k/2. Finally, spectral flow symmetry demands the stronger constraint; namely [18] 2h
In the case of the continuous series, h takes the non-real value
Short strings in AdS 3 are described by the SL(2, R) discrete series obeying (7), while long strings are described by SL(2, R) continuous series (8) . The latter string states constitute a continuous part of the energy spectrum, and they play a important role in the discussion of the dual CFT 2 .
Special point(s)
As said, we will be concerned with k = R 2 /α ∼ O(1). More precisely, we will study a special value of k at which the theory exhibits peculiar properties. There are, in fact, more than one specific order-one value of k for which the theory behaves in a special way. Probably the most evident one is k = 2, which corresponds to a singular limit of the worldsheet CFT: At k = 2 the first term in (5)- (6) diverges, what reflects the fact that the Sugawara stress tensor is not well-defined when the Kac-Moody level equals the Coxeter number of the group. This singular point is relevant in the study of the geometric Langlands program [20] and for the connection between the affine Kac-Moody symmetry and the W -symmetry. For the worldsheet CFT to be well-defined at k = 2, a rescaling of certain physical quantities such as the stress tensor is needed in order to avoid infinities. The fact that this point is somehow special can be anticipated by observing that, at k = 2, the discrete spectrum (7) collapses to the point h = 1/2 where it fuses with the continuous spectrum (8) . Also, when k → 2 the central charge of the SL(2, R) k WZW model diverges, and the model relates in many ways with Liouville field theory in its classical limit c L → ∞.
Another interesting limit is k → 0, in which the central charge of the SL(2, R) k WZW model vanishes. While its geometrical interpretation is elusive, as well as its Lagrangian realization, the worldsheet theory can still be studied in that limit, for example resorting to the connection to Liouville field theory via the so-called H + 3 WZW-Liouville correspondence [30, 31] . In fact, in the limit k → 0 + the H + 3 = SL(2, C)/SU (2) WZW n-point correlation functions reduce to n-point correltion functions of the analytically continued c L = −2 Liouville field theory in a direct way [21] , as the simplest degenerate fields coincide with the screening fields at that point. k = 0 is also a fixed point of the so-called Fateev-Zamolodchikov-Zamolodchikov (FZZ) duality, connecting the gauged SL(2, R) k /U (1) WZW model to the so-called sine-Liouville CFT, a two-fields theory with an interaction potential of the form
FZZ duality also reduces to a simple identity at the point k = 0, where the sine-Gordon field X and the Liouville field ϕ decouple.
A third point that is special is k = 3, which is actually the point we will be concerned with here. A k = 3, the bosonic theory exhibits higher-spin symmetry, phase transitions, gapless continuous spectrum, and special structure of its correlation functions. In the supersymmetric theory, the level gets shifted as k → k + 2 with respect to the bosonic theory; recall that −2
is the Coxeter number of SL(2, R). More precisely, the k-dependent prefactor in the quadratic Casimir receives a finite-k correction, and since here we are interested in the finite k regime, such correction is important: The value k = 1 is to the superstring theory on AdS 3 what the value k = 3 is to its bosonic counterpart. Then, for simplicity, and since the main features we want to discuss are shared by the supersymmetric and the bosonic theories, we will first focus on the bosonic string theory at k = 3, and later we will go back to the supersymmetric string at k = 1.
Long strings
A special feature that string theory exhibits at the special point is a phase transition. While for k > 3 the SL(2, C) invariant vacuum of the boundary CFT 2 is normalizable and the generic high energy states correspond to black holes, for k < 3 the behavior is qualitatively different:
As shown in [24] , the vacuum of the boundary CFT 2 is associated to a worldsheet state with h = 1, and when k < 3 the unitarity bound (7) excludes such state. Then, as argued in [26] , this indicates that the SL(2, C) invariant vacuum as well as the states corresponding to BTZ black holes [25] are absent from the spectrum if k < 3. As a consequence, the high energy states in the theory with k < 3 are not black holes but rather correspond to long strings that extend to the boundary of AdS 3 , where they become weakly coupled. The entropy of black holes coincides with that of long strings at k = 3 [26] , while for k < 3 the effective central charge controlling the asymptotic growth of states starts to differ from the actual central charge c = 6k [27, 24, 28] of the boundary CFT 2 .
All this is associated to another phenomenon that occurs at k = 3: In [29] , Seiberg and Witten studied long fundamental strings in AdS 3 and argued that, at least at large k, a single long string is effectively described by a Liouville field theory with central charge
and background charge
so that at large k one gets c L 6k. In this effective description, the Liouville field is associated to the radial distance of the long string from the boundary of AdS 3 and it parameterizes the 
that vanishes when k → 3. In other words, at the special point this sector becomes gapless.
The vanishing of the gap (10) at k = 3 has been recently discussed in relation to other phenomenon observed, namely the emergence of a plethora of light states at that point: It has been observed in [8] that, at k = 3, the bosonic theory contains in the spectrum massless higherspin fields. Looking at the worldsheet formulae (5) 
with N ∈ Z ≥0 being arbitrary. The fact that these states appear at k = 3 rather than at the naive tensionless point k = 2 was surprising at the beginning. It has been argued that this is In [9] the worldsheet analysis of the higher-spin phenomenon was extended to the superstring theory. This was partially motivated by the analysis done for the bosonic case [8] but also by the observation that the CFT 2 dual of superstrings on AdS 3 × S 3 × T 4 , meaning the symmetric orbifold of T 4 , contains a closed higher-spin subsector. In [9] , the authors identified the states that make up the leading Regge trajectory, and they showed that such states accommodate into Vasiliev higher-spin theory. At k = 1, such higher-spin states become massless and, consequently, the supersymmetric theory also contains a stringy tower of massless higher-spin fields which come from the long string sector.
String interactions
Perhaps the most interesting properties of the theory at k = 3 have to do with those features of the string amplitudes in AdS 3 that are associated to the non-compactness of the boundary CFT 2 target space. One such property is related to the factorization of the 4-point amplitude (see Fig. 1 ). As explained by Maldacena and Ooguri in [32] , the OPE in the boundary CFT 2 is well-defined only when the following constraints are obeyed
where h i are the external momenta involved in the 4-point WZW correlator. In general, (12 include additional physical states in the theory for the OPE to close; it rather means that when (12) is not obeyed then the OPE is not well-defined in the target space theory due to its noncompactness [32] . However, something remarkable happens at k = 3: As we discussed in section 2, unitarity demands (7) and thus
Then, one might ask when does (13) strictly imply (12) . The answer is that this only happens for k ≤ 3. That is, for k ≤ 3 it turns out that the unitarity bound does imply the factorization of the 4-point function and no further restrictions are needed for the OPE to hold. 
Worldsheet instantons
A similar phenomenon occurs with certain non-perturbative worldsheet configurations: Also in [32] , it was observed that the n-point function contains undesirable divergences that are due to the presence of worldsheet instantons. These correspond to non-local effects in the target space theory. The configurations responsible for this are holomorphic worldsheet solutions that can explore the non-compact space with no cost in the action (see Fig. 2 ). In the representation (3), such solutions are, for example, those obeying∂γ(z) = 0, for which the effective gravitational potential cancels out. To see this explicitly, one can integrate out in the auxiliary fields β,β in (3) to get a potential term of the form
which actually vanishes for holomorphic maps γ(z). Such holomorphic solutions have been those considered in [29] to describe classical long strings. Excluding such configurations demands the following bound on the external momenta of the n-point functions [32] Only n-point functions obeying (15) would actually make sense. As it can be easily checked, (15) is in general stronger than the bound coming from unitarity. In fact, unitarity would merely
The remarkable fact is that, for n > 2, (15) implies (16) only when k ≤ 3. This observation is probably important in relation to the recent [40] , as in there the worldsheet instantons seem to play an important role in the localization of the correlation functions.
Let us finish this section with another feature of the k = 3 theory that somehow is also related to the worldsheet instantons: k = 3 is the fixed point of the Langlands duality, which in the case of affine sl(2) k symmetry corresponds to interchange [20, 22, 23] 
From this point of view, it should probably not come to a surprise that at such a selfdual point the theory exhibits special features. One such feature is the coalescence of two marginal operators, which ultimately implies a special connection to the action of c = 25 Liouville field theory, and consequently to 2D string theory. To see this, it is convenient to use again the representation (3) . In this representation, the worldsheet action can be thought of as a free CFT 2 perturbed with the marginal operator
The theory, however, admits a second marginal operator; namely
where the exact coefficient f k was computed in [33] and found to be
Operators (19) and (20) are both exactly marginal and, in many respects, they are interchangeable. These operators, however, behave quite differently at large k: while operator O (1, 1) goes like ∼ e − √ 2/kφ and tends to 1 for finite φ in the semiclassical limit, operator O k−2 (1,1) goes like ∼ e − √ 2kφ and thus vanishes in that regime; see [35, 36] . Thus, the latter operator describes non-perturbative effects in the worldsheet, i.e. the worldsheet instantons we discussed above [37] . At finite k, in contrast, operators (19) and (20) compete, and at k = 3 they actually coincide. This means that, as it typically happens with this class of confluent phenomena, a new marginal operator emerges at the special point; namely [34] O (1, 1) 
where we have used that f 3 = −1 (cf. f 2 = 0 and f k = ∞ for k ∈ Z >3 ). Then, integrating out the β-γ system following the path integral techniques of [31] , which also involves a shift in the φ direction, one can show that the correlation functions in the SL(2, R) 3 WZW model can always be written as correlation functions in the CFT 2 defined by the action
which is, indeed, the complete action of U (1) matter (X) coupled to c = 25 Liouville field theory (ϕ). Notice the presence of the non-exponential marginal operator ∼ ϕ e √ 2ϕ in (22) , and respectively in (21) . This is the type of operator that appears in the Lagrangian representation of the 2D string theories; see for instance [38, 39] . It is worth mentioning that exactly the same field redefinitions and functional integral techniques used in [31] to prove the H + 3 WZW-Liouville correspondence work here to show the relation between the confluent point k = 3 and the c = 25 theory, despite the logarithmic form of interaction (21) . 7 Superstrings and AdS 3 /CFT 2 Now, let us go back to the supersymmetric theory at the special point k = 1 and discuss it in the context of the AdS 3 /CFT 2 correspondence: We start by recalling that superstring theory admits NS-NS backgrounds of the form
with M 4 = T 4 and M 4 = K 3 . These backgrounds are obtained in the near horizon limit of the NS 1 /NS 5 system, where k gives the number of NS 5 branes. Therefore, considering k = 1 is actually considering the setup with a unit of NS flux.
The theory also admits solutions of the form M 4 = S 3 × S 1 , but let us first focus on the case M 4 = T 4 , which can be described as the WZW model on
. Supersymmetry demands the Kac-Moody levels of the SL(2, R) k and the SU (2) k parts to be equal, and thus one gets
where the order of the terms in the expression for the central charge has been chosen in a way that makes it explicit the origin of each contribution. In particular, the third and the fourth terms in c are the contribution coming from the SU (2) k piece, namely the superconformal field theory (SCFT) on S 3 , which at k = 1 is actually negative. This might seem puzzling; however, it has been argued that the theory can still be well-defined.
The case M 4 = S 3 × S 1 is different in this regard. It corresponds to the WZW model on
, and in this case supersymmetry relates the three levels of the curved pieces by a single equation, giving a 2-parameter family. One gets
Here, again, the order of the terms in c makes it clear the origin of each contribution. Notice that now, when k = 1, the levels of the two 3-spheres can take the value k = k = 2, so one has in the internal manifold a factor
which yields a positive contribution to c.
In [10] , the superstring theory on AdS 3 × S 3 × S 3 × S 1 at k = 1 was studied, and a simple CFT 2 model was proposed as its holographic dual. Such CFT 2 was constructed in terms of the free symmetric product orbifold. The Hilbert space of the symmetric product decomposes into twisted sectors, which are labeled by the conjugacy classes of the permutation group S N . This permits to write down the spectrum and to verify that, at large N , it exactly reproduces the full spectrum of the long strings of the weakly coupled string theory, including states unprotected by supersymmetry. The correspondence is such that the spectral flow parameter ω, representing the winding number of the string states, is mapped to the twisting number of corresponding states in the dual CFT 2 . Specifically, the worldsheet theory considered in [10] is the σ-model on AdS 3 × M , which yields the central charge
This implies that the contribution from the internal manifold at k = 1 is c M = 9/2. Then, the SCFT on M was taken to be the product of the SCFT on S 1 and 6 free fermions, and the proposed dual theory consists of a SCFT on the symmetric orbifold [10]
where the first factor in (28) stands for a non-compact CFT 2 with central charge c = 1. The presence of six free fermions can be understood as due to the contribution (26), since the affine su(2) 2 current algebra admits a representation in terms of three free fermions.
The spectrum of superstrings on AdS 3 ×M 7 with pure NS-NS flux at k = 1 was also analyzed in [11] . For M 7 = S 3 × S 3 × S 1 and M 7 = S 3 × T 4 , it was argued there that there is a special set of physical states which agree in precise detail with the single particle spectrum of a free symmetric product orbifold. The theory on AdS 3 × S 3 × S 3 × S 1 at k = 1 was revisited in [13] ,
where it was shown that the spacetime spectrum and the algebra of operators match those of the symmetric orbifold of S 3 × S 1 in the large N limit.
In the last two years there have been many, very interesting developments in the realization of AdS 3 /CFT 2 in presence of NS-NS fluxes at finite k: In [12] , for example, superstring theory on AdS 3 × S 3 × T 4 at k = 1 was described using the so-called hybrid formalism, in which the AdS 3 × S 3 piece of the geometry is described in terms of the WZW model on the supergroup P SU (1, 1|2) k=1 , which gives a model perfectly well defined at level 1. Eberhardt, Gaberdiel, and Gopakumar showed in [12] that, if the theory is described such a way, the string spectrum at k = 1 does not exhibit the long string continuum, and it perfectly matches with the large N limit of a symmetric product CFT 2 .
In reference [14] , the authors argued that the CFT 2 dual of superstring theory on AdS 3 × 
At k = 1, the Liouville factor disappears and theory reduces to the symmetric orbifold of T 4 . Further evidence of the duality with the symmetric product based on Liouville theory was presented in [15] , where the correlation functions were studied for the bosonic analogue of this duality, relating bosonic string theory on AdS 3 × M to the symmetric orbifold of Liouville ×M .
In [40] , it was shown how to relate the n-point correlation functions of the supersymmetric theory on AdS 3 × S 3 × T 4 at k = 1 to those of the symmetric product CFT 2 on T 4 . In particular, it was shown that the worldsheet correlation functions localize in the moduli space of worldsheet instantons, namely worldsheet configurations that cover the AdS 3 boundary holomorphically.
As a consequence of this, the worldsheet correlators acquire the same structure as that of the symmetric orbifold correlators. In [41] , the theory at higher genus was studied and further evidence that the worldsheet correlators actually localize on such solutions was found, including 1/N corrections. All these results suggest the equivalence between the AdS 3 × M 7 string theory at k = 1 and the spacetime orbifold CFT 2 , raising hope in a precise realization of AdS 3 /CFT 2 in the stringy regime.
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